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1. Introduction
Let R be an associative ring. An additive map δ : R → R is called a derivation if δ (xy) = δ (x) y +
xδ (y) for all x, y ∈ R. Let [x, y] = xy − yx denote the Lie product of elements x, y ∈ R. An additive
map δ : R → R is called a Lie derivation if it is a derivation according to the Lie product i.e.,
δ ([x, y]) = [δ (x) , y] + [x, δ (y)] for all x, y ∈ R.
A Lie triple derivation is an additive map δ : R → Rwhich satisfies
δ ([[x, y] , z]) = [[δ (x) , y] , z] + [[x, δ (y)] , z] + [[x, y] , δ (z)] for all x, y, z ∈ R.
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Obviously, each derivation is a Lie derivation and each Lie derivation is a Lie triple derivation. These
maps have been studied on different kinds of rings and algebras (see e.g. [3,5,6,8,12–15,17,21,22,24]
and references therein). In most of these papers the problem of describing the form of thesemaps was
considered.
Let δ : R → R be a derivation and let γ : R → Z (R) be an additive map such that γ ([R, R]) = 0.
Then δ+γ is a Lie derivation,which is not necessarily aderivation.Next, ifγ ′ : R → Z (R) is an additive
map such that γ ′ ([[R, R] , R]) = 0 then δ + γ ′ is a Lie triple derivation, which is not necessarily a Lie
derivation. In some settings it turns out that these maps are basically the only examples of Lie (triple)
derivations.
We now turn our attention to a more general class of maps. Let us define the following sequence
of polynomials: p1 (x) = x and
pn (x1, x2, . . . , xn) = [pn−1 (x1, x2, . . . , xn−1) , xn] for all integers n  2.
Thus, p2 (x1, x2) = [x1, x2], p3 (x1, x2, x3) = [[x1, x2] , x3], etc. Let n  2 be an integer. A map
ϕ : R → R is called amultiplicative Lie n-derivation if
ϕ (pn (x1, x2, . . . , xn)) =
n∑
i=1
pn (x1, . . . , xi−1, ϕ (xi) , xi+1, . . . , xn) (1)
for all x1, x2, . . . , xn ∈ R. An additive map ϕ : R → R satisfying (1) will be called a Lie n-derivation. In
particular, a Lie 2-derivation is a Lie derivation and similarly, a Lie 3-derivation is a Lie triple derivation.
Lie n-derivations were introduced by Abdullaev [1], where the form of Lie n-derivations of a certain
von Neumann algebra (or of its skew-adjoint part) was described.
Clearly, each derivation δ : R → R is also a multiplicative Lie n-derivation for each n  2. Let γ :
R → Z (R) be a map such that γ (pn (R, . . . , R)) = 0 for some n  2. Then γ is a multiplicative Lie n-
derivation and consequently δ+γ aswell. These types ofmaps are standard examples ofmultiplicative
Lie n-derivations. We expect that in several settings these maps are basically the only examples of
multiplicative Lie n-derivations. Hence, we say that a multiplicative Lie n-derivation ϕ : R → R is of
standard form if
ϕ = δ + γ (2)
for some derivation δ : R → R and for some map γ : R → Z (R) such that γ (pn (R, . . . , R)) = 0.
The main goal of the present paper is to consider the question of when do all multiplicative Lie
n-derivations of a triangular ring T have standard form (2). Let us briefly recall that a triangular ring
T = Tri (A,M, B) is a ring of the form
⎛
⎝ A M
B
⎞
⎠ ,
where A and B are unital rings and M is a unital (A, B)-bimodule which is faithful as a left A-module
as well as a right B-module. Basic examples of triangular rings are upper triangular matrix rings
and nest algebras. The study of maps on triangular rings and algebras is an active research area (see
[2,4,7,10,19–21,23]).
Our research was mainly motivated by the following results. In 2003, Cheung [8] described the
form of linear Lie derivations of triangular algebras. Next, linear Lie triple derivations on nest algebras
were considered in papers [12,24]. Recently, Yu and Zhang [21] described the form of nonlinear Lie
derivations (i.e. multiplicative Lie 2-derivations) of triangular algebras. In order to generalize and
extend all these results we consider multiplicative Lie n-derivations of triangular rings.
The present paper is divided into seven sections. Section 2 is devoted to triangular rings, presenting
some of their properties and examples. In Section 3we derive some preliminary results onmultiplica-
tive Lie n-derivations of triangular rings. In Section 4, we characterize standard formmultiplicative Lie
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n-derivations of triangular rings (Theorem4.1). This characterization plays a key role in the proof of our
main result, Theorem 5.9, which is given in Section 5. Roughly speaking, Theorem 5.9 states that each
multiplicative Lie n-derivation of a triangular ring T = Tri (A,M, B) has standard form if T satisfies
the usual condition on projections of its center and if either A or B does not have nonzero central inner
derivations. In Section 6, we apply Theorem 5.9 to the three classical examples of triangular rings:
upper triangular matrix rings, block upper triangular matrix rings, and nest algebras. In Section 7, we
present two examples of triangular rings such that some of their multiplicative Lie n-derivations do
not have standard form. These examples also justify the assumptions of our main theorem.
2. Triangular rings
Let A and B be unital rings, and letM be a unital (A, B)-bimodule, which is faithful as a left A-module
and also as a right B-module. The set
Tri (A,M, B) =
⎧⎨
⎩
⎛
⎝ a m
b
⎞
⎠ ; a ∈ A,m ∈ M, b ∈ B
⎫⎬
⎭
is an associative ring under the usual matrix operations. Each ring which is isomorphic to Tri (A,M, B)
is called a triangular ring. Let T be a triangular ring. By e and f we denote elements
e =
⎛
⎝ 1 0
0
⎞
⎠ ∈ T and f =
⎛
⎝ 0 0
1
⎞
⎠ ∈ T .
Since f T e = 0, our triangular ring decomposes into T = eT e + eT f + f T f . For convenience we shall
use the following notations A′ = eT e, M′ = eT f , B′ = f T f . Thus, T = A′ + M′ + B′ and A ∼= A′,
B ∼= B′, and M ∼= M′. Let x = a + m + b be an arbitrary element in T , where a ∈ A′, m ∈ M′, and
b ∈ B′. Let us define projections πA : T → A′ and πB : T → B′ by
πA (a + m + b) = a and πB (a + m + b) = b.
By [7, Proposition 3] we know that the center Z (T ) of T coincides with
{
x ∈ A′ + B′ | xm = mx for allm ∈ M′
}
.
Obviously, πA (Z (T )) ⊆ Z (A′) and πB (Z (T )) ⊆ Z (B′), and there exists a unique ring isomorphism
τ : πA (Z (T )) → πB (Z (T )) such that am = mτ (a) for allm ∈ M′.
Remark 2.1. Let T = Tri (A,M, B) be a triangular ring. For any x ∈ T and for any integer n  2 we
have
pn (x, e, . . . , e) = (−1)n−1 exf and pn (x, f , . . . , f ) = exf .
In particular, [x, e] = −exf and [x, f ] = exf .
Remark 2.2. Let x ∈ T . If [x,M′] = 0 then exe + fxf ∈ Z (T ).
Let us describe the three classical examples of triangular rings: upper triangular matrix rings,
block upper triangular matrix rings, and nest algebras. For other examples of triangular rings, such as
incidence algebras, n-triangular algebras, triangular operator algebras, see e.g. [18,11] and references
therein.
Upper triangular matrix rings. Let R be a unital ring. By Tn (R) we denote a ring of all n × n upper
triangular matrices with entries in R. For n  2 and each 1  l  n − 1 the ring Tn (R) can be
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represented as a triangular ring of the form
Tn (R) =
⎛
⎝ Tl (R) Ml×(n−l) (R)
Tn−l (R)
⎞
⎠ ,
whereMl×m (R) denotes the set of all l × mmatrices.
Block upper triangularmatrix rings. Let R be a unital ring and let n be a positive integer. Suppose that
k = (k1, k2, . . . , km) ∈ Nm is an orderedm-tuple of positive integers such that k1+k2+· · ·+km = n.
The block upper triangular matrix ring Bkn (R) is a subring ofMn (R) of the form
Bkn (R) =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
Mk1 (R) Mk1×k2 (R) · · · Mk1×km (R)
0 Mk2 (R) · · · Mk2×km (R)
...
...
. . .
...
0 0 · · · Mkm (R)
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
If n  2 and Bkn (R) = Mn (R) then Bkn (R) can be represented as the following triangular ring:
Bkn (R) =
⎛
⎝ B
s
l (R) Ml×(m−l) (R)
Btm−l (R)
⎞
⎠ , (3)
where 1  l < m and s ∈ Nl , t ∈ Nm−l . Note thatMn (R) and Tn (R) are just two special examples of
block upper triangular rings.
Nest algebras. A nest is a chainN of closed subspaces of a complex Hilbert spaceH containing {0} and
H which is closed under arbitrary intersections and closed linear span. The nest algebra associated to
N is the algebra
T (N ) = {T ∈ B (H) | T (N) ⊆ N for all N ∈ N } .
A nest N is called trivial if N = {0,H}. The reader is referred to [9] for the general theory of
nest algebras. We will make use of a standard result (see [7, Proposition 5,9, Chapter 2]) which allows
one to consider a nontrivial nest algebra as a triangular ring. Namely, if N ∈ N\ {0,H} and E is the
orthonormal projection onto N, then N1 = E (N ) and N2 = (1 − E) (N ) are nests of N and N⊥,
respectively. Moreover, T (N1) = ET (N ) E, T (N2) = (1 − E) T (N ) (1 − E) and
T (N ) =
⎛
⎝ T (N1) ET (N ) (1 − E)
T (N2)
⎞
⎠ . (4)
3. Results on multiplicative Lie n-derivations
Let R be a ring and let ϕ : R → R be a multiplicative Lie n-derivation. Note that
pn (x1, x2, x3, . . . , xn) = pn−1 ([x1, x2] , x3, . . . , xn) , n  2, (5)
for all x1, x2, . . . , xn ∈ R. Consequently, we have
ϕ (pn (x1, x2, . . . , xn)) = pn−1 ([ϕ (x1) , x2] , x3, . . . , xn) + pn−1 ([x1, ϕ (x2)] , x3, . . . , xn)
+
n∑
i=3
pn−1 ([x1, x2] , x3, . . . , xi−1, ϕ (xi) , xi+1, . . . , xn) (6)
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for all x1, x2, . . . , xn ∈ R. Obviously, ϕ (0) = 0. Moreover, if ϕ1 : R → R and ϕ2 : R → R are
multiplicative Lie n-derivations, then ϕ1 + ϕ2 is also a multiplicative Lie n-derivation.
From now on let T be a triangular ring with its standard idempotents e and f .
Lemma 3.1. Let ϕ : T → T be a multiplicative Lie n-derivation. Then there exist an inner derivation
d : T → T and a multiplicative Lie n-derivation ϕ′ : T → T such that
ϕ = d + ϕ′ and eϕ′ (f ) f = 0.
Proof. We define maps d, ϕ′ : T → T by
d (x) = [ϕ (f ) , x] and ϕ′ (x) = ϕ (x) − d (x) .
Obviously, d is an inner derivation and ϕ′ is a multiplicative Lie n-derivation. Since
ϕ′ (f ) = ϕ (f ) − d (f ) = ϕ (f ) − [ϕ (f ) , f ] = ϕ (f ) − eϕ (f ) f ,
we get eϕ′ (f ) f = 0. 
Accordingly, it suffices to consider only thosemultiplicative Lie n-derivationsϕ : T → T satisfying
eϕ (f ) f = 0. We shall see that this is equivalent to the condition ϕ (f ) ∈ Z (T ), if T is (n − 1)-torsion
free. Let k be an integer. Recall that R is k-torsion free ring if kx is nonzero for each nonzero x ∈ R.
Lemma 3.2. Let ϕ : T → T be a multiplicative Lie n-derivation such that eϕ (f ) f = 0. Then for all
a ∈ A′, b ∈ B′, m ∈ M′ the following hold true:
(i) eϕ (a) f = eϕ (b) f = 0,
(ii) ϕ (a) = eϕ (a) e + fϕ (a) f , ϕ (b) = eϕ (b) e + fϕ (b) f , and ϕ (m) = eϕ (m) f ,
(iii) [a, eϕ (b) e] + [fϕ (a) f , b] ∈ Z (T )
(if n = 2 then [a, eϕ (b) e] + [fϕ (a) f , b] = 0).
Proof. Let x ∈ A′ ∪ B′. Then [x, f ] = exf = 0. Using Remark 2.1, (6), and the fact that ϕ (0) = 0 we
obtain
0 = ϕ (exf ) = ϕ (pn (x, f , . . . , f ))
= pn−1 ([ϕ (x) , f ] , f . . . , f ) + pn−1 ([x, ϕ (f )] , f . . . , f )
+ pn−1 ([x, f ] , ϕ (f ) . . . , f ) + · · · + pn−1 ([x, f ] , f . . . , ϕ (f ))
= eϕ (x) f + e [x, ϕ (f )] f .
Since e
[
A′, ϕ (f )
]
f = 0 and e [B′, ϕ (f )] f = 0, it follows that eϕ (x) f = 0 for all x ∈ A′ ∪ B′. Thus, (i)
holds true. Consequently, ϕ (a) = eϕ (a) e + fϕ (a) f and ϕ (b) = eϕ (b) e + fϕ (b) f . Now, for each
m ∈ M′ we have
ϕ (m) = ϕ (pn (m, f , . . . , f ))
= pn (ϕ (m) , f , . . . , f ) + pn (m, ϕ (f ) , . . . , f ) + · · · + pn (m, f , . . . , ϕ (f ))
= eϕ (m) f + (n − 1) [m, ϕ (f )] .
Multiplying by e from the left and by f from the right hand side we see that (n − 1) [M′, ϕ (f )] = 0.
Consequently, ϕ (m) = eϕ (m) f and so (ii) is established. It remains to prove (iii). Let a ∈ A′, b ∈ B′,
m ∈ M′. First, suppose that n  3. Using (6) and the fact that [a, b] = 0 we see that
0 = ϕ (pn (a, b,m, f , . . . , f ))
= pn−1 ([ϕ (a) , b] ,m, f , . . . , f ) + pn−1 ([a, ϕ (b)] ,m, f . . . , f )
= [[ϕ (a) , b] ,m] + [[a, ϕ (b)] ,m] .
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Thus,
[
[a, ϕ (b)] + [ϕ (a) , b] ,M′] = 0. From (ii) we see that [a, ϕ (b)] = [a, eϕ (b) e] ∈ A′ and
[ϕ (a) , b] = [fϕ (a) f , b] ∈ B′. Now, Remark 2.2 implies that
[a, eϕ (b) e] + [fϕ (a) f , b] ∈ Z (T )
for all a ∈ A′, b ∈ B′. Now, suppose that n = 2. Then
0 = ϕ ([a, b]) = [ϕ (a) , b] + [a, ϕ (b)] = [a, eϕ (b) e] + [fϕ (a) f , b]
for all a ∈ A′, b ∈ B′. 
Lemma 3.3. Let ϕ be a multiplicative Lie n-derivation of a (n − 1)-torsion free triangular ring T . Then
eϕ (f ) f = 0 if and only if ϕ (f ) ∈ Z (T ). In this case ϕ (e) ∈ Z (T ) and ϕ (exf ) = eϕ (x) f for all x ∈ T .
Proof. Suppose that eϕ (f ) f = 0. Then (n − 1) [M′, ϕ (f )] = 0, aswehave seen in theproof of Lemma
3.2. Consequently,
[
M′, ϕ (f )
] = 0 which in turn implies that ϕ (f ) = eϕ (f ) e + fϕ (f ) f ∈ Z (T ).
Obviously, the converse is trivial.
Next, suppose that ϕ (f ) ∈ Z (T ). For arbitrary x ∈ T we have
ϕ (exf ) = ϕ (pn−1 (exf , f , . . . , f )) = ϕ (pn−1 ([e, x] , f , . . . , f ))
= ϕ (pn (e, x, f , . . . , f ))
= pn−1 ([ϕ (e) , x] , f , . . . , f ) + pn−1 ([e, ϕ (x)] , f , . . . , f )
+ pn−1 ([e, x] , ϕ (f ) , . . . , f ) + · · · + pn−1 ([e, x] , f , . . . , ϕ (f ))
= e [ϕ (e) , x] f + e [e, ϕ (x)] f .
(note that if n = 2 this computation simplifies to ϕ (exf ) = ϕ ([e, x]) = e [ϕ (e) , x] f + e [e, ϕ (x)] f ).
Therefore,
ϕ (exf ) = e [ϕ (e) , x] f + eϕ (x) f (7)
for all x ∈ T . Replacing x by exf in (7) we obtain ϕ (exf ) = e [ϕ (e) , exf ] f + eϕ (exf ) f . Hence,
eϕ (exf ) f = e [ϕ (e) , exf ] f + eϕ (exf ) f ,
which in turn implies
[
ϕ (e) ,M′
] = 0. Since eϕ (e) f = 0, it follows that ϕ (e) = eϕ (e) e+ fϕ (e) f ∈
Z (T ). Now identity (7) can be rewritten as ϕ (exf ) = eϕ (x) f for all x ∈ T . 
Lemma 3.4. Let ϕ be a multiplicative Lie n-derivation of a (n − 1)-torsion free triangular ring T such
that eϕ (f ) f = 0. Then
ϕ (am) = ϕ (a)m + aϕ (m) − mϕ (a) and ϕ (mb) = ϕ (m) b + mϕ (b) − ϕ (b)m
for all a ∈ A′, b ∈ B′, m ∈ M′.
Proof. Since T is (n − 1)-torsion free, we have ϕ (f ) ∈ Z (T ) (see Remark 3.3). Hence, using (6) we
obtain
ϕ (am) = ϕ ([a,m])
= ϕ (pn−1 ([a,m] , f , . . . , f )) = ϕ (pn (a,m, f , . . . , f ))
= pn−1 ([ϕ (a) ,m] , f , . . . , f ) + pn−1 ([a, ϕ (m)] , f . . . , f )
+ pn−1 ([a,m] , ϕ (f ) , . . . , f ) + · · · + pn−1 ([a,m] , f , . . . , ϕ (f ))
= [ϕ (a) ,m] + [a, ϕ (m)] = ϕ (a)m + aϕ (m) − mϕ (a)
for all a ∈ A′, m ∈ M′. (note that if n = 2 this computation simplifies to ϕ (am) = ϕ ([a,m]) =
ϕ (a)m + aϕ (m) − mϕ (a)). Analogously, we can prove that ϕ (mb) = ϕ (m) b + mϕ (b) − ϕ (b)m
for all b ∈ B′,m ∈ M′. 
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Lemma 3.5. Let ϕ be a multiplicative Lie n-derivation of a (n − 1)-torsion free triangular ring T such
that eϕ (f ) f = 0. Then
(i) ϕ (a + m) − ϕ (a) − ϕ (m) ∈ Z (T ) for all a ∈ A′, m ∈ M′,
(ii) ϕ is additive on M′.
Proof. Let a ∈ A′ andm,m′ ∈ M′. Since [a,m] = [a + m′,m], we have
pn (a,m, x3, . . . , xn) = pn
(
a + m′,m, x3, . . . , xn
)
(8)
for all x3, . . . xn ∈ T . Hence
ϕ (pn (a,m, f , . . . , f )) = ϕ
(
pn
(
a + m′,m, f , . . . , f
))
. (9)
Now, (9) together with (8) and the fact that ϕ
(
M′
) ⊆ M′ imply
pn (ϕ (a) ,m, f , . . . , f ) = pn
(
ϕ
(
a + m′
)
,m, f , . . . , f
)
.
Therefore, [ϕ (a) ,m] = [ϕ (a + m′) ,m] and so [ϕ (a + m′)− ϕ (a) ,M′] = 0. Now, Remark 2.2
yields that
ϕ
(
a + m′
)
− ϕ (a) − e
(
ϕ
(
a + m′
)
− ϕ (a)
)
f ∈ Z (T ) (10)
for all a ∈ A′,m′ ∈ M′. Since ϕ (exf ) = eϕ (x) f for all x ∈ T (see Lemma 3.3), we have
e
(
ϕ
(
a + m′
)
− ϕ (a)
)
f = eϕ
(
a + m′
)
f − eϕ (a) f = ϕ
(
e(a + m′)f
)
− ϕ (eaf ) = ϕ
(
m′
)
for all a ∈ A′,m′ ∈ M′. Thus, (10) gives us ϕ (a + m′)− ϕ (a)− ϕ (m′) ∈ Z (T ) for all a ∈ A′,m′ ∈ M′
and so (i) holds true.
Since ϕ (e),ϕ (f ) ∈ Z (T ) and ϕ (e + m) − ϕ (e) − ϕ (m) ∈ Z (T ), we have
[
ϕ (e + m) ,m′ + f
]
=
[
ϕ (m) ,m′ + f
]
= ϕ (m) ,
[
e + m, ϕ
(
m′ + f
)]
=
[
e + m, ϕ
(
m′
)]
= ϕ
(
m′
)
(11)
for allm,m′ ∈ M′. Usingm + m′ = [e + m,m′ + f ], the fact that ϕ (f ) ∈ Z (T ), and (11) we see that
ϕ
(
m + m′
)
= ϕ
([
e + m,m′ + f
])
= ϕ
(
pn−1
([
e + m,m′ + f
]
, f , . . . , f
))
= ϕ
(
pn
(
e + m,m′ + f , f , . . . , f
))
= pn
(
ϕ (e + m) ,m′ + f , f , . . . , f
)
+ pn
(
e + m, ϕ
(
m′ + f
)
, f , . . . , f
)
+ pn
(
e + m,m′ + f , ϕ (f ) , . . . , f
)
+ · · · + pn
(
e + m,m′ + f , f , . . . , ϕ (f )
)
= pn−1
([
ϕ (e + m) ,m′ + f
]
, f , . . . , f
)
+ pn−1
([
e + m, ϕ
(
m′ + f
)]
, f , . . . , f
)
= pn−1 (ϕ (m) , f , . . . , f ) + pn−1
(
ϕ
(
m′
)
, f , . . . , f
)
= ϕ (m) + ϕ
(
m′
)
for allm,m′ ∈ M′ (note that this proof works also if n = 2). Thus, ϕ is additive onM′. 
Lemma 3.6. Let ϕ be a multiplicative Lie n-derivation of a (n − 1)-torsion free triangular ring T such
that eϕ (f ) f = 0. Then
ϕ (a + m + b) − ϕ (a) − ϕ (m) − ϕ (b) ∈ Z (T )
for all a ∈ A′, m ∈ M′, b ∈ B′.
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Proof. Using (6), the fact that ϕ (f ) ∈ Z (T ), and Remark 2.1 we see that
ϕ
(
pn
(
a + m + b,m′, f , . . . , f
))
= pn−1
([
ϕ (a + m + b) ,m′
]
, f , . . . , f
)
+ pn−1
([
a + m + b, ϕ
(
m′
)]
, f , . . . , f
)
=
[
ϕ (a + m + b) ,m′
]
+
[
a + m + b, ϕ
(
m′
)]
=
[
ϕ (a + m + b) ,m′
]
+
[
a, ϕ
(
m′
)]
+
[
b, ϕ
(
m′
)]
(12)
for all a ∈ A′, m,m′ ∈ M′, b ∈ B′. On the other hand, using Remark 2.1, Lemma 3.5(ii), and (6) we
obtain
ϕ
(
pn
(
a + m + b,m′, f , . . . , f
))
= ϕ
(
pn−1
([
a + m + b,m′
]
, f , . . . , f
))
= ϕ
([
a + m + b,m′
])
= ϕ
([
a,m′
]
+
[
b,m′
])
= ϕ
([
a,m′
])
+ ϕ
([
b,m′
])
= ϕ
(
pn
(
a,m′, f , . . . , f
))
+ ϕ
(
pn
(
b,m′, f , . . . , f
))
= pn−1
([
ϕ (a) ,m′
]
, f , . . . , f
)
+ pn−1
([
a, ϕ
(
m′
)]
, f , . . . , f
)
+ pn−1
([
ϕ (b) ,m′
]
, f , . . . , f
)
+ pn−1
([
b, ϕ
(
m′
)]
, f , . . . , f
)
=
[
ϕ (a) ,m′
]
+
[
a, ϕ
(
m′
)]
+
[
ϕ (b) ,m′
]
+
[
b, ϕ
(
m′
)]
(13)
for all a ∈ A′,m,m′ ∈ M′, b ∈ B′ (note that (12) and (13) hold also if n = 2). It now follows from (12)
and (13) that
[
ϕ (a + m + b) − ϕ (a) − ϕ (b) ,M′
]
= 0,
which further implies that
ϕ (a + m + b) − ϕ (a) − ϕ (b) − e (ϕ (a + m + b) − ϕ (a) − ϕ (b)) f ∈ Z (T )
for all a ∈ A′,m ∈ M′, b ∈ B′. Since
e (ϕ (a + m + b) − ϕ (a) − ϕ (b)) f = eϕ (a + m + b) f = ϕ (emf ) = ϕ (m) ,
we conclude that ϕ (a + m + b) − ϕ (a) − ϕ (m) − ϕ (b) ∈ Z (T ) for all a ∈ A′,m ∈ M′, b ∈ B′. 
4. A characterization of standard formmultiplicative Lie n-derivations
Suppose thatϕ : T → T is amultiplicative Lien-derivationhaving the standard form, i.e.ϕ = δ+γ
for someadditive derivation δ : T → T and somemapγ : T → Z (T ) such thatγ (pn (T , . . . , T )) =
0. Then
fϕ (a) f = f δ (ae) f + fγ (a) f = f δ (a) ef + faδ (e) f + fγ (a) f = fγ (a) f ∈ fZ (T ) f
and similarly
eϕ (b) e = eδ (bf ) e + eγ (b) e = eγ (b) e ∈ eZ (T ) e
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for all a ∈ A′, b ∈ B′. Thus,
eϕ
(
B′
)
e ⊆ eZ (T ) e ⊆ Z
(
A′
)
and fϕ
(
A′
)
f ⊆ fZ (T ) f ⊆ Z
(
B′
)
. (14)
It turns out that the converse holds true as well if we assume that T is (n − 1)-torsion free.
Theorem 4.1. Let T = Tri (A,M, B) be a (n − 1)-torsion free triangular ring. Then a multiplicative Lie
n-derivation ϕ : T → T is of standard form if and only if eϕ (B′) e ⊆ eZ (T ) e and fϕ (A′) f ⊆ fZ (T ) f .
Proof. Suppose that eϕ
(
B′
)
e ⊆ eZ (T ) e and fϕ (A′) f ⊆ fZ (T ) f . We need to prove that ϕ is of
standard form.Without loss of generalitywemayassume that eϕ (f ) f = 0or equivalently thatϕ (f ) ∈
Z (T ) (see Lemma 3.1 and Lemma 3.3). Clearly, eϕ (b) e + τ (eϕ (b) e) ∈ Z (T ) and τ−1 (fϕ (a) f ) +
fϕ (a) f ∈ Z (T ) for all a ∈ A′, b ∈ B′. Let us define maps γ1 : T → Z (T ) and δ1 : T → T by
γ1 (x) = eϕ (fxf ) e + τ−1 (fϕ (exe) f ) + fϕ (exe) f + τ (eϕ (fxf ) e)
and
δ1 (x) = ϕ (x) − γ1 (x) .
Obviously, γ1
(
M′
) = 0. Hence, according to Lemma 3.2 (ii) we have δ1 (m) = ϕ (m) ∈ M′ for all
m ∈ M′. We claim that γ1 (pn (T , . . . , T )) = 0 and that δ1 is a multiplicative Lie n-derivation. Let
us denote (x1, x2, . . . , xn) ∈ T by xn. Similarly, (yx1y, yx2y, . . . , yxny) ∈ T will be denoted by yxny.
Since γ1 (x) = γ1 (exe + fxf ) for each x ∈ T , we see that
γ1 (pn (xn)) = γ1 (epn (xn) e + fpn (xn) f )
= eϕ (fpn (xn) f ) e + τ−1 (fϕ (epn (xn) e) f )
+ fϕ (epn (xn) e) f + τ (eϕ (fpn (xn) f ) e)
= eϕ
(
pn
(
fxnf
))
e + τ−1 (fϕ (pn (exne)) f )
+ fϕ (pn (exne)) f + τ
(
eϕ
(
pn
(
fxnf
))
e
)
for all xn ∈ T n. Since
eϕ
(
pn
(
fxnf
))
e =
n∑
i=1
epn (fx1f , . . . , ϕ (fxif ) , . . . , fxnf ) e = 0
and
fϕ (pn (exne)) f =
n∑
i=1
fpn (ex1e, . . . , ϕ (exie) , . . . , exne) f = 0
for all xn ∈ T n, it follows that γ1 (pn (T , . . . , T )) = 0. Consequently,
δ1 (pn (xn)) = ϕ (pn (xn)) =
n∑
i=1
pn (x1, . . . , ϕ (xi) , . . . , xn)
=
n∑
i=1
pn (x1, . . . , ϕ (xi) − γi (xi) , . . . , xn)
=
n∑
i=1
pn (x1, . . . , δ1 (xi) , . . . , xn)
for all xn ∈ T n. Thus, δ1is a multiplicative Lie n-derivation such that eδ1 (f ) f = 0. We know that
δ1
(
M′
) ⊆ M′. Moreover, δ1 (A′) ⊆ A′ and δ1 (B′) ⊆ B′. Namely, using Lemma 3.2 (ii) and definitions
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of both δ1 and γ1, we see that
δ1 (a) = eδ1 (a) e + f δ1 (a) f = eδ1 (a) e + fϕ (a) f − fγ1 (a) f
= eδ1 (a) e + fϕ (a) f − fϕ (a) f
= eδ1 (a) e ∈ A′
for each a ∈ A′. Similarly, we obtain δ1 (b) = f δ1 (b) f ∈ B′ for each b ∈ B′.
Next, we define a map γ2 : T → T by
γ2 (x) = δ1 (x) − δ1 (exe) − δ1 (exf ) − δ1 (fxf ) .
Clearly, γ2
(
A′
) = γ2 (M′) = γ2 (B′) = 0 and Lemma 3.6 implies that γ2 (T ) ⊆ Z (T ). Let us prove
that γ2 (pn (T , . . . , T )) = 0. Since γ2 (x) e = eγ2 (x) e = eδ1 (x) e − δ1 (exe) for all x ∈ T , we have
γ2 (pn (xn)) e = eδ1 (pn (xn)) e − δ1 (epn (xn) e)
=
n∑
i=1
epn (x1, . . . , δ1 (xi) , . . . , xn) e − δ1 (pn (exne))
=
n∑
i=1
pn (ex1e, . . . , eδ1 (xi) e, . . . , exne) −
n∑
i=1
pn (ex1e, . . . , δ1 (exie) , . . . , exne)
=
n∑
i=1
pn (ex1e, . . . , eδ1 (xi) e − δ1 (exie) , . . . , exne)
=
n∑
i=1
pn (ex1e, . . . , γ2 (xi) e, . . . , exne) = 0 (15)
for allxn ∈ T n. Sinceγ2 (T ) ⊆ Z (T ), it follows thatγ2 (x) f = fγ2 (x) f = f δ1 (x) f−δ1 (fxf ) for allx ∈
T . Hence, similarly as abovewe see that γ2 (pn (xn)) f=0 for all xn ∈ T n. Thus, γ2 (pn (T , . . . , T ))=0.
Now we are ready to define a map δ : T → T by
δ (x) = δ1 (x) − γ2 (x) .
Obviously, δ|A′ = δ1|A′ , δ|M′ = δ1|M′ , and δ|B′ = δ1|B′ . Hence, δ (A′) ⊆ A′, δ (B′) ⊆ B′, δ (M′) ⊆
M′. Since δ (pn (xn)) = δ1 (pn (xn)) and γ2 (T ) ⊆ Z (T ), it follows that δ is a multiplicative Lie n-
derivation. Moreover, δ (f ) = δ1 (f )−γ2 (f ) ∈ Z (T ) and so eδ (f ) f = 0. Our next aim is to prove that
δ is an additive derivation on A′ and also on B′. Let a, a′ ∈ A′, m ∈ M′. Using Lemma 3.5 (ii), Lemma
3.4, and the fact that δ
(
A′
) ⊆ A′ we get
δ
((
a + a′
)
m
)
= δ
(
am + a′m
)
= δ (am) + δ
(
a′m
)
= δ (a)m + aδ (m) − mδ (a) + δ
(
a′
)
m + a′δ (m) − mδ
(
a′
)
= δ (a)m + aδ (m) + δ
(
a′
)
m + a′δ (m) . (16)
However, using Lemma 3.4 on δ
((
a + a′)m)we obtain
δ
((
a + a′
)
m
)
= δ
(
a + a′
)
m +
(
a + a′
)
δ (m) − mδ
(
a + a′
)
= δ
(
a + a′
)
m + aδ (m) + a′δ (m) . (17)
Now, comparing (16) and (17) it follows that
(
δ
(
a + a′
)
− δ (a) − δ
(
a′
))
M′ = 0
for all a, a′ ∈ A′. Since M is faithful as a left A-module, we get δ (a + a′) = δ (a) + δ (a′) for all
a, a′ ∈ A′. Thus, δ is additive on A′. Further, using Lemma 3.4 on δ (aa′m)we see that
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δ
(
aa′m
)
= δ
(
aa′
)
m + aa′δ (m) − mδ
(
aa′
)
= δ
(
aa′
)
m + aa′δ (m) , (18)
while on the other hand
δ
(
a
(
a′m
))
= δ (a) a′m + aδ
(
a′m
)
− a′mδ (a)
= δ (a) a′m + aδ
(
a′
)
m + aa′δ (m) . (19)
Comparing (18) and (19) it follows that
(
δ
(
aa′
)
− δ (a) a′ − aδ
(
a′
))
M′ = 0
for all a, a′ ∈ A′. Consequently, δ (aa′) = δ (a) a′ + aδ (a′) for all a, a′ ∈ A′. Thus, δ is an additive
derivation on A′. In an analogous manner we can prove that δ is an additive derivation also on B′.
Let us define γ : T → Z (T ) by γ (x) = γ1 (x) + γ2 (x). Since ϕ = δ1 + γ1 and δ1 = ϕ + γ2, we
have ϕ = δ + γ . Clearly, γ (pn (T , . . . , T )) = 0. It remains to prove that δ is an additive derivation
on T . Obviously,
δ (a + m + b) = δ1 (a + m + b) − γ2 (a + m + b)
= δ1 (a + m + b) − δ1 (a + m + b) + δ1 (a) + δ1 (m) + δ1 (b)
= δ (a) + δ (m) + δ (b) (20)
for all a ∈ A′, m ∈ M′, b ∈ B′. Let x = a + m + b and y = a′ + m′ + b′ be arbitrary elements in T ,
where a, a′ ∈ A′,m,m′ ∈ M′, b, b′ ∈ B′. Since δ is additive on A′,M′, and B′, (20) yields
δ (x + y) = δ
((
a + a′
)
+
(
m + m′
)
+
(
b + b′
))
= δ
(
a + a′
)
+ δ
(
m + m′
)
+ δ
(
b + b′
)
= δ (a) + δ
(
a′
)
+ δ (m) + δ
(
m′
)
+ δ (b) + δ
(
b′
)
= δ (a + m + b) + δ
(
a′ + m′ + b′
)
= δ (x) + δ (y) .
Thus, δ is additive on T . Using (20), the fact that δ is a derivation on A′ and B′, Lemma 3.5 (ii), Lemma
3.4, and the fact that δ
(
A′
) ⊆ A′, δ (B′) ⊆ B′, δ (M′) ⊆ M′ we see
δ (xy) = δ
(
aa′ +
(
am′ + mb′
)
+ bb′
)
= δ
(
aa′
)
+ δ
(
am′ + mb′
)
+ δ
(
bb′
)
= δ (a) a′ + aδ
(
a′
)
+ δ
(
am′
)
+ δ
(
mb′
)
+ δ (b) b′ + bδ
(
b′
)
= δ (a) a′ + aδ
(
a′
)
+ δ (a)m′ + aδ
(
m′
)
+ δ (m) b′ + mδ
(
b′
)
+ δ (b) b′ + bδ
(
b′
)
,
while on the other hand
δ (x) y + xδ (y) = (δ (a) + δ (m) + δ (b))
(
a′ + m′ + b′
)
+ (a + m + b)
(
δ
(
a′
)
+ δ
(
m′
)
+ δ
(
b′
))
= δ (a) a′ + δ (a)m′ + δ (m) b′ + δ (b) b′
+ aδ
(
a′
)
+ aδ
(
m′
)
+ mδ
(
b′
)
+ bδ
(
b′
)
.
Consequently, δ (xy) = δ (x) y + xδ (y). Thus, δ is an additive derivation of T . 
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5. The main theorem
We have just seen that multiplicative Lie n-derivations ϕ of T satisfying (14) are exactly those hav-
ing the standard form. However, our goal is to find a general class of triangular rings such that all their
multiplicative Lie n-derivations have standard form. Thus, we are interested in those triangular rings
which force their multiplicative Lie n-derivations to satisfy (14) (in the last section we are going to see
that not all triangular rings possess this property). Let us consider a slightly less restricting condition:
eϕ
(
B′
)
e ⊆ Z
(
A′
)
and fϕ
(
A′
)
f ⊆ Z
(
B′
)
.
Lemma 5.1. Let ϕ : T → T be a multiplicative Lie n-derivation such that eϕ (f ) f = 0. Then eϕ (B′) e ⊆
Z
(
A′
)
if and only if fϕ
(
A′
)
f ⊆ Z (B′).
Proof. According to Lemma 3.2(iii) [a, eϕ (b) e] + [fϕ (a) f , b] ∈ Z (T ) for all a ∈ A′, b ∈ B′. Conse-
quently,
[
A′, eϕ
(
B′
)
e
] = 0 if and only if [fϕ (A′) f , B′] = 0. 
Suppose that R is a ring such that for each a ∈ R
[a, R] ∈ Z (R) 
⇒ a ∈ Z (R) , (21)
or equivalently,
[[a, R] , R] = 0 
⇒ [a, R] = 0.
Note that (21) is equivalent to the condition that there do not exist nonzero central inner derivations
of R. We shall see that eϕ
(
B′
)
e ⊆ Z (A′) and fϕ (A′) f ⊆ Z (B′) if either A or B satisfies (21). Obviously,
in each commutative ring (21) holds true. Next, we give some further examples of rings satisfying (21).
Example 5.2. For each prime ring R (21) holds true (see [16, Lemma 3]).
Example 5.3. For each triangular ring T = Tri (A,M, B) (21) holds true. Moreover, let us show that
there do not exist nonzero central derivations of T . Let d be a central derivation of T . Then d (e) =
ed (e) f and d (f ) = ed (f ) f andhence d (e) = d (f ) = 0. Since d (m) = d (emf ) = ed (m) f belongs to
the center for eachm ∈ M′, it follows that d (M′) = 0. Consequently, d (a)m = d (am) − ad (m) = 0
for all a ∈ A′, m ∈ M′. Since M is faithful as a left A′-module, we see that d (A′) = 0. Similarly,
d
(
B′
) = 0. Thus, d = 0.
Example5.4. LetRbe aunital ring. For eachn  2 theupper triangularmatrix ring Tn(R) is a triangular
ring and hence it satisfies (21).
Example 5.5. Let N be a nest of a Hilbert space H. We claim that a nest algebra T (N ) satisfies (21).
Namely, if N is a trivial nest then T (N ) = B (H) is a centrally closed prime algebra and so T (N )
satisfies (21). Now, suppose that N is not trivial. Then T (N ) can be considered as a triangular ring
(see (4)) and hence T (N ) satisfies (21).
Example 5.6. Let R be a unital ring. We claim that Mn (R) satisfies (21) if n  2. Let a = ∑αijeij
be an element in Mn (R). Suppose that [a, x] ∈ Z (Mn (R)) = Z (R) I for all x ∈ Mn (R). For each
k ∈ {1, 2, . . . , n} we have
[a, ekk] =
∑
i =k
αikeik −
∑
j =k
akjekj ∈ Z (R) I.
Hence, αij = 0 for all i = j. Consequently,
[
a, eij
] = (αii − αjj) eij ∈ Z (R) I
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and so αii = αjj for all i, j ∈ {1, 2, . . . , n}. Hence, a = αI for some α ∈ Z (R). Thus, a ∈ Z (Mn
(R)).
Example 5.7. Let R be a unital ring and let n  2. Then any block upper triangular matrix ring Bk¯n (R)
satisfies (21). Namely, if Bk¯n (R) = Mn (R) then Bk¯n (R) can be represented as a triangular ring (3) and
hence it satisfies (21). As we have already seen, Bk¯n (R) satisfies (21) also in case B
k¯
n (R) = Mn (R).
The following lemma together with Theorem 4.1 plays a key role in the proof of our main result.
Lemma 5.8. Let T = Tri(A,M, B) be a triangular ring. Suppose that ϕ : T → T is a multiplicative Lie
n-derivation such that eϕ (f ) f = 0. If A or B satisfies (21) or n = 2 then
eϕ
(
B′
)
e ⊆ Z
(
A′
)
and fϕ
(
A′
)
f ⊆ Z
(
B′
)
.
Proof. If n = 2 then [A′, eϕ (B′) e] = 0 and [fϕ (A′) f , B′] = 0 (see Lemma 3.2 (iii)). Thus, eϕ (B′) e ⊆
Z
(
A′
)
and fϕ
(
A′
)
f ⊆ Z (B′) .
In general, according to Lemma3.2(iii)wehave
[
A′, eϕ
(
B′
)
e
] ⊆ eZ (T ) e ⊆ Z (A′)and [fϕ (A′) f , B′]
⊆ fZ (T ) f ⊆ Z (B′). Now, suppose there are no nonzero central inner derivations of A. Then the same
holds for A′ and hence
[
A′, eϕ (b) e
] = 0 for each b ∈ B′. Consequently, eϕ (B′) e ⊆ Z (A′) . Now,
Lemma 5.1 implies fϕ
(
A′
)
f ⊆ Z (B′). 
Now, we are ready to prove our main theorem.
Theorem 5.9. Let T = Tri(A,M, B) be a (n − 1)-torsion free triangular ring such that:
(i) eZ (T ) e = Z (A′) and fZ (T ) f = Z (B′) ,
(ii) A or B satisfies (21).
Then any multiplicative Lie n-derivation ϕ : T → T has standard form.
Proof. Recall that according to Lemma 3.1 we may assume that eϕ (f ) f = 0. Using Lemma 5.8 we
see that fϕ
(
A′
)
f ⊆ Z (B′) = fZ (T ) f and eϕ (B′) e ⊆ Z (A′) = eZ (T ) e. Now, Theorem 4.1 implies the
desired result. 
Remark 5.10. According to Lemma 5.8 we see that assumption (ii) is redundant if n = 2. Thus, any
multiplicative Lie 2-derivationϕ : T → T has standard form if eZ (T ) e = Z (A′) and fZ (T ) f = Z (B′).
This is the main result in [21, Theorem 2.1].
6. Applications
In this section we apply Theorem 5.9 to the three classical examples of triangular rings: upper
triangular matrix rings, block upper triangular matrix rings, and nest algebras.
Corollary 6.1. LetRbea (n − 1)-torsion free ringwith identity element. Anymultiplicative Lien-derivation
ϕ : Tm (R) → Tm (R) has standard form if m  3.
Proof. Upper triangular matrix ring Tm (R) can be represented as a triangular ring Tri(A,M, B) such
that A = R, B = Tm−1 (R), andM = M1×(m−1) (R). Since Z (Tm (R)) = Z (R) I, we have eZ (Tm (R)) e =
Z (eTm (R) e), fZ (Tm (R)) f = Z (fTm (R) f ) and so assumption (i) of Theorem 5.9 holds true. Since
m  3, we know that B = Tm−1 (R) satisfies (21) and so assumption (ii) also holds true. Thus,
Theorem 5.9 implies that ϕ has standard form. 
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It should be mentioned that Corollary 6.1 does not hold if m = 2 (see the second example in
section 7). However, if we take an upper triangular matrix ring over a commutative ring we obtain the
following result.
Corollary 6.2. Let C be a (n − 1)-torsion free commutative ring with identity element. If m  2 then any
Lie n-derivation ϕ : Tm (C) → Tm (C) has standard form: ϕ = δ + γ , where δ : Tm (C) → Tm (C) is an
additive derivation and γ : Tm (C) → Z (Tm (C)) is a map such that γ ([Tm (C) , Tm (C)]) = 0.
Proof. Ifm  3 the result follows from Corollary 6.1 and from the fact that
[Tm (C) , Tm (C)] = [[Tm (C) , Tm (C)] , Tm (C)] (22)
for all m  2. Now, suppose that m = 2. Since T2 (C) can be represented as Tri(C, C, C), we see that
assumptions (i) and (ii) of Theorem 5.9 hold true. Thus, Theorem 5.9 and (22) yield the conclusion. 
Corollary 6.3. Let R be a (n − 1)-torsion free ring with identity element. If m  3 and Bkm (R) = Mm (R)
then any multiplicative Lie n-derivation ϕ : Bkm (R) → Bkm (R) has standard form.
Proof. Suppose thatm  3 and Bkm (R) = Mm (R). Then
Bkm (R) = Tri
(
Bsl (R) ,Ml×(m−l) (R) , Btm−l (R)
)
for some 1  l < m and s ∈ Nl , t ∈ Nm−l . Clearly, assumption (i) of Theorem 5.9 holds true. Next,
according toExample5.7assumption (ii) holds trueaswell. Thus, Theorem5.9yields theconclusion. 
Corollary 6.4. LetN be a nontrivial nest of a complex Hilbert space H. Any multiplicative Lie n-derivation
ϕ : T (N ) → T (N ) has standard form.
Proof. Since N is a nontrivial nest, T (N ) can be represented as a triangular ring (4). Since the cen-
ter of each nest algebra coincides with C1, it follows that assumption (i) of Theorem 5.9 holds true.
Further, according to Example 5.7 assumption (ii) holds true as well. Hence, Theorem 5.9 yields the
conclusion. 
We conjecture that Corollary 6.3 holds true also in case Bkm (R) = Mm (R), and similarly that
Corollary 6.4 holds true also in case N is a trivial nest.
7. Two examples
We are now going to see that there exist triangular rings such that some of their multiplicative Lie
n-derivation do not have standard form. Note that the triangular ring in the first example does not
satisfy assumption (i), while the triangular ring in the second example does not satisfy assumption (ii)
of Theorem 5.9. Thus, these examples justify the assumptions of our main theorem (Theorem 5.9). In
both examples we are going to use the following lemma.
Lemma 7.1. Let T = Tri (A,M, B) be a triangular ring. If d : T → T is an additive map such that
d (a + m + b) = ed (b) e + ed (m) f + fd (a) f
d (am) = ad (m) − md (a)
d (mb) = d (m) b − d (b)m
for all a ∈ A′,m ∈ M′, b ∈ B′, then
ed ([x, y]) f = e [d (x) , y] f + e [x, d (y)] f (23)
for all x, y ∈ T .
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Proof. Let x = a1 + m1 + b1, y = a2 + m2 + b2 ∈ T . Then
ed ([x, y]) f = d (a1m2 + m1b2 − a2m1 − m2b1)
and
e [d (x) , y] f = d (m1) b2 + d (b1)m2 − a2d (m1) − m2d (a1) ,
e [x, d (y)] f = a1d (m2) + m1d (a2) − d (b2)m1 − d (m2) b1.
Comparing these three identities we obtain the conclusion. 
An example of a triangular ring having Lie derivations of nonstandard form.
Let F [X, Y] be the unital ring of all polynomials in commuting indeterminates X and Y with coef-
ficients in a field F . By M we denote the quotient ring F [X, Y] /(X2, Y2, XY). Let A = F [X] /(X2) and
B = F [Y] /(Y2).Obviously, A and B are unital subrings ofM. Moreover,M is an (A, B)-bimodule, which
is faithful as a left A-module and also as a right B-module. Let T be the triangular ring Tri (A,M, B).
Then Z (T ) = F1, eZ (T ) e = Fe = A′ = Z (A′), and fZ (T ) f = Ff = B′ = Z (B′). Thus, T does not
satisfy assumption (i) of Theorem 5.9. Let us define a map d : T → T by
d :
⎛
⎝ α0 + α1X γ0 + γ1X + γ2Y
β0 + β1Y
⎞
⎠ →
⎛
⎝−β1X γ2X + γ1Y
−a1Y
⎞
⎠
for all α0 + α1X ∈ A, γ0 + γ1X + γ2Y ∈ M, β0 + β1Y ∈ B. We claim that d is a Lie derivation, which
is not of the standard form. Namely, since A and B are both commutative rings, we obviously have
ed ([x1, x2]) e = 0 = e [d (x1) , x2] e + e [x1, d (x2)] e
and
fd ([x1, x2]) f = 0 = f [d (x1) , x2] f + f [x1, d (x2)] f
for all x1, x2 ∈ T . Note that d satisfies all assumptions of Lemma 7.1. Hence, ed ([x1, x2])
f = e [d (x1) , x2] f + e [x1, d (x2)] f for all x1, x2 ∈ T . Thus, d is a Lie derivation. However, d is
not of the standard form. Namely, fd
(
A′
)
f  Ff = fZ (T ) f since, for example,
d
⎛
⎝ X 0
0
⎞
⎠ =
⎛
⎝ 0 0
−Y
⎞
⎠ /∈ Ff .
Therefore, Theorem 4.1 implies that d is not of the standard form.
Next, we give an example of a triangular ring which satisfies assumption (i) but it does not satisfy
assumption (ii) of Theorem 5.9. Consequently, each multiplicative Lie 2-derivation of this triangular
ring has the standard form (see Theorem 5.9 and Remark 5.10). However, we shall see that for each
n  3 there exists a multiplicative Lie n-derivation which is not of the standard form. Moreover, the
following example also justifies that Corollary 6.1 does not hold true ifm = 2.
An example of a triangular ring having Lie n-derivations of nonstandard form.
Let A be aZ2-graded ring, i.e. a ring of the form A = A0 + A1, where A0 and A1 are additive abelian
subgroups of A such that A0A0, A1A1 ⊆ A0 and A0A1, A1A0 ⊆ A1. Suppose that Z (A) = A0. Note
that [A, A] = [A1, A1] ⊆ A0 = Z (A). Consequently, [[A, A] , A] = 0. Thus, A satisfies the polynomial
identity [[X, Y] , Z]. Obviously, for each a1 ∈ A1 we have [a1, A] ∈ Z (A), while a1 /∈ Z (A). This means
that A does not satisfy (21). An example of such Z2-graded ring is the well-known Grassman algebra.
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Let us recall its definition. Let F be a field and let F 〈X〉 be the free algebra on the set X = {X1, X2, . . .}
with identity element. By I we denote the ideal of F 〈X〉 generated by X2i , XiXj + XjXi for all i = j.
The factor algebra A = F 〈X〉 /I is called the Grassman algebra. The elements of A are polynomials
in noncommuting indeterminates X1, X2, . . . such that X
2
i = 0, XiXj = −XjXi for all i = j. By A0
we denote the set of all polynomials having only even degree monomials, and by A1 the set of all
polynomials having only odd degreemonomials. Then A is aZ2-graded ring and Z (A) = A0.Moreover,
a1a
′
1 = −a′1a1 for all a1, a′1 ∈ A1.
Let A = A0 + A1 be a Z2-graded ring such that Z (A) = A0 and a1a′1 = −a′1a1 for all a1, a′1 ∈ A1.
By T we denote triangular ring T2 (A) = Tri (A, A, A). Then Z (T ) ∼= Z (A), eZ (T ) e ∼= Z (A), and
fZ (T ) f ∼= Z (A). Hence, Theorem5.9 implies that each Lie derivation of T has standard form.However,
we claim that there exits a map d : T → T which is a Lie n-derivation and it is not of standard form.
We define d : T → T by
d :
⎛
⎝ a0 + a1 m0 + m1
b0 + b1
⎞
⎠ →
⎛
⎝ b1 −m1
a1
⎞
⎠
for all a0 + a1,m0 + m1, b0 + b1 ∈ A. First, let us verify that d satisfies the assumptions of Lemma
7.1. Obviously, d (a + m + b) = ed (b) e + ed (m) f + fd (a) f for all a ∈ A′,m ∈ M′, b ∈ B′. Let
a =
⎛
⎝ a0 + a1 0
0
⎞
⎠ ∈ A′ and m =
⎛
⎝ 0 m0 + m1
0
⎞
⎠ ∈ M′
be arbitrary elements. Then
d (am) = d
⎛
⎝ 0 a0m0 + a1m1 + a0m1 + a1m0
0
⎞
⎠ =
⎛
⎝ 0 −a0m1 − a1m0
0
⎞
⎠
and
ad (m) − md (a) =
⎛
⎝ a0 + a1 0
0
⎞
⎠
⎛
⎝ 0 −m1
0
⎞
⎠−
⎛
⎝ 0 m0 + m1
0
⎞
⎠
⎛
⎝ 0 0
a1
⎞
⎠
=
⎛
⎝ 0 −a0m1 − a1m1 − m0a1 − m1a1
0
⎞
⎠
=
⎛
⎝ 0 −a0m1 − a1m0
0
⎞
⎠
since a1m1 + m1a1 = 0 and m0 ∈ Z (A). Thus, d (am) = ad (m) − md (a) for all a ∈ A′,m ∈ M′.
Similarly, we obtain d (mb) = d (m) b − d (b)m for all b ∈ B′,m ∈ M′. Now, Lemma 7.1 implies
ed ([x, y]) f = e [d (x) , y] f + e [x, d (y)] f for all x, y ∈ T . (24)
Let
x =
⎛
⎝ a0 + a1 m0 + m1
b0 + b1
⎞
⎠ and y =
⎛
⎝ a
′
0 + a′1 m′0 + m′1
b′0 + b′1
⎞
⎠
be arbitrary elements in T . Since [b1, a′1
]+ [a1, b′1
] ∈ Z (A), we see that
d ([x, y])−[d (x) , y]−[x, d (y)] = −
⎛
⎝
[
b1, a
′
1
]+ [a1, b′1
]
0
[
b1, a
′
1
]+ [a1, b′1
]
⎞
⎠ ∈ Z (T ) . (25)
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Obviously, d is not a Lie derivation. Furthermore, (25) yields
[d ([x, y]) , z] = [[d (x) , y] , z] + [[x, d (y)] , z] for all x, y, z ∈ T . (26)
We claim that d is a Lie triple derivation. Namely, [[A, A] , A] = 0 and hence
ed ([[x, y] , z]) e = 0 = e [[d (x) , y] , z] e + e [[x, d (y)] , z] e + e [[x, y] , d (z)] e, (27)
fd ([[x, y] , z]) f = 0 = f [[d (x) , y] , z] f + f [[x, d (y)] , z] f + f [[x, y] , d (z)] f
for all x, y, z ∈ T . On the other hand, using (24) and (26), we obtain
ed ([[x, y] , z]) f = e [d ([x, y]) , z] f + e [[x, y] , d (z)] f (28)
= e ([[d (x) , y] , z] + [[x, d (y)] , z]) f + e [[x, y] , d (z)] f
= e [[d (x) , y] , z] f + e [[x, d (y)] , z] f + e [[x, y] , d (z)] f
for all x, y, z ∈ T . It now follows from (27) and (28) that d is a Lie triple derivation. However, since
d
⎛
⎝ a0 + a1 0
0
⎞
⎠ =
⎛
⎝ 0 0
a1
⎞
⎠ /∈ Z (T )
for any nonzero a1 ∈ A1, we see from Theorem 4.1 that d is not of the standard form.
Moreover, we claim that d is a Lie n-derivation for each n  3. Namely, [[A, A] , A] = 0 implies
ed (pn (x1, x2, . . . , xn)) e = 0 =
n∑
i=1
epn (x1, . . . , xi−1, d (xi) , xi+1, . . . , xn) e
fd (pn (x1, x2, . . . , xn)) f = 0 =
n∑
i=1
fpn (x1, . . . , xi−1, d (xi) , xi+1, . . . , xn) f
and similarly as in case n = 3 one can obtain
ed (pn (x1, x2, . . . , xn)) f =
n∑
i=1
epn (x1, . . . , xi−1, d (xi) , xi+1, . . . , xn) f
for all x1, x2, . . . , xn ∈ T . Consequently, d is a Lie n-derivation for each n  3.
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